Mth 146: Day 10

Sequences and Series Review
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1  Why sequences and series? C = A +x + X 4.

Much of Calculus II is about one idea: adding up infinitely
many numbers and deciding whether the total makes sense.
This is how calculators compute e”, sinz, and Inz (Taylor
series), and how we approximate functions with polynomials.
Today we review the precalculus language of sequences and
series and then add the calculus tool that makes everything
work: the limit.

2 Sequences and notation

Roughly speaking, a sequence is an infinite list of numbers
written in a definite order.
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Definition. A sequence is a :{uwd\'on whose domain &
Ae b o posS tive inters [12)%, - D, 4~

(sometimes {0,1,2,...}). The numbers in the list are called the
‘{' LS of the sequence.

Notation:

ay, Ao, A3, ..., Gy, ... {a,} or {a,}.2,

a, is called the n*" er th Sénaful Yerm. Since a,, = f(n) for a
functign f, we can graph a sequence as isolated dots (n, a,).
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Example 1. Find the first three terms and the 100th term.

Then write the sequence using { } notation.
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Example 2. Find a formula for the general term a,,, assuming
the pattern continues. (Start at n = 1.)
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Definition. An alternating sequence is a sequence whose

Tip: (=1)" makes the odd -numbered terms negative;
(=1)"* makes the €vey -numbered terms negative.

Recursively defined sequences. When the nth term

depends on some or all of the terms before it, the sequence is
delined fecul Scu-ﬂj ;




Example 3. Find the first five terms: a; = 4 and
a, = 2a,-1+1torn > 1.

0=
og= D ot =2Yy41=9
O = XL HIT a4 =193
Ay = -9+ =9
'SUNE FRATES Vh )

3 Factorials

Factorials appear in Taylor series and are the key to the Ratio
Test. The skill you need in Calc II is stmplifying ratios of
factorials.

Definition. For a positive integer n,

nl= 122 -+ n =23 --(am1)(N)
and by definition 0! =
Sl= 12348= 120

Key identities: (n+ 1)l = J-z-3 - n-(n+')
(2n + 2)! = yirom--o(20) u)end




Example 4. Slmphfy
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4 Limits of sequences

This is the new, Calc II part. What happens to a,, as n — oo?

Definition. We write lim a,, = L if we can make the terms a,,
n—oo

as close to L as we like by _taX) |f\a N %JWW If the limit
exists (and is a finite number) the Sequence Convergn lw

othervmse 1t dver
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Theorem (sequences from functions). If lim f(z)=1L
T—>0O0
and f(n) = a, for every integer n, then lim a, = L.
n—00
m L= © thw bim L =0

Y~ X Nn-J7 o /N

Why it matters: we can use all of our Calc I tools on sequences,
including L/ H op@! iy ﬂw& -
Warnings the converse is false.( a, = Sln(wn] = Offor all n, so

an, — 0, but limy o0 SIN(TZ) Dregs na) ew & h= SRz O
Qv "3\[" L =6

2
o. S,SM o

a—

1
A useful fact: © lim — = () if r > 0.

n—oo N’



Limit Laws for Sequences. Suppose that {a,} and {b;}
are convergent sequences and c is a constant. Then

1. Sum Law . /\ é
lim (@, +by)= a6y +/inn op
n—00 n-ov= h-00

2. Difference Law )

lim (a, — b,) = limy &,- U én
n—00 P _hp f\"‘)()Q

3. Constant Multiple Law
lim ca, = _¢ |Ion G
n—00 /7 N-2~

4. Product Law )\

lim (aby) = im0y D by

5. Quotient Law /)~ o
a 14 "
lim -2 = e if lim b, # 0
n— o0 bn [,m B/W n— o0
N\ oo

6. Power Law f
limaﬁz/[l\/\/) OW)\ if p>0anda, >0
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Squeeze Theorem. If a, < b, < ¢, for n > ng and
lima, = lime, = L, then limb,, = L. o el 2
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Tim. f(an) = ﬁ_f/_"@t) :
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A limit you will use constantly: 1 ﬂ,_ —
(o if [r] <1 (5 ) S
lim " =< ) ifr=1

n—oo

CL&N(VQ,LS ifr<-—-lorr>1

So {r"} converges exactly When 1< £

r=(")



Example 5. Determine whether each sequence converges or
diverges. If it converges, find the limit. §4V| dLS)’
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