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1. Section 3.2 Intro to Polynomial Functions

In this section we introduce polynomial functions, their proper-
ties and graphs.

POLYNOMIAL FUNCTIONS

A polynomial function of degree n is a function of the form
P(x)=ax"+a,_x""'+---+ax+aq,

where n is a nonnegative integer and a, # 0.

The numbers a,, a,, a,, . . ., a, are called the coefficients of the polynomial.
The number q, is the constant coefficient or constant term.

The number a,,, the coefficient of the highest power, is the leading coefficient,
and the term @,x" is the leading term.

Examples: :(;()(7‘: 3 x>+ 2xt +5  yes : “tsfce:: d
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Example:

Answer the following questions about the function

f(x)=—32z"+22° + z +1

1. Is f a polynomial function? Y2$ degf ce Y

2. What are the coefficients of the polynomial?
—> 2./, )
3. What is the constant term?

l
4. What is the leading coefficient?

-3
5. What is the leading term?
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2. Graphs of Polynomial Functions

Graphs of polynomial functions are smooth curves with no breaks
or corners. ([ configuewn 4«0/1&7}9,4\;) -

Examples of graphs of monomials (polynomials with single terms):
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The greater the degrézg of a polynomial, the more complicated its

graph can be. The domain of a polynomial function is the set of all
real numbers, so we can sketch only a small portion of the graph. In
order to draw a sketch of a polynomial function we must take into
consideration it intercepts (X intercepts are called zeroes or roots of

the polynomial), its end hehavipur and its turning points.

3. End behaviour of Polynomial Functions

The end behavior of a polynomial is a description of what hap-

pens as x becomes large in the positive or negative direction. The

end/behaviour of a polynomial is given by the leading term. To
describe end behavior, we use the following arrow notation.

X—> 02 K-> ~8
4 57 60> 7
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Example: Determine the end behaviour of the polynomial
Pi(x)=—-22*+3zx+1 and%ljg(:r;) = 52° — 3x* + 32 — 10,
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A turning point occurs whenever the graph of a polynomial func-
tion changes from increasing to decreasing or from decreasing to
increasing. Turning points are associated with local maxima or
local minima on a graph.

It is possible to use the graph to get a lower estimate of the degree of
a polynomial. To do this, we just need to count the number of
turning points (sometimes called “critical points”) of the graph.

A turning point is the same thing as a local max or min: it’s a point
where the graph switches between_increasing and decreasing, or vice
versa. For example, the polynomials below have 2 and 4 turning
points, respectively:




The number of turning points tells us the smallest possible degree
the polynomial can have. The polynomial on the left must have
degree at least 2 + 1 = 3; the one on the right must have degree at
least 4 + 1 = 5. In general, if the graph of a polynomial has n turning
points, the polynomial’s degree is at least n + 1.

Often, this formula will give the exact degree. For example, these

olynomials
poly a(e,&_rq_ ) c{e,%fcc, 2
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have 0 and 1 turning points, so their degrees are at least 0 +1 = 1 and
1 + 1 = 2. But of course, these are just a linear function and q atic

function, so we know that the degrees are Exactlv 1 and 2.

It’s not always exact, though. For example, this polynomial has 1 3
turning point ong foriag (014
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so its degree is at least 1 + 1 = 2. But in fact, its degree is 4. so the

. -
estimate was not exact.




To find the zeros of a polynomial P, we factor and then use the
Zero-Product Property.

For example, to find the zeros of P(z) = 2> + x — 6,/we factor P to get
P(x) = (z—=2)(x rom this factored form we easily see that
> X .r\ Q"'CC_F".S 2 B ~ 3

(a) 2is a zero of P.

(b) x = 2is a solution of the equation z° + z — 6 = O]

(CK — %)is a factor of 2> + z — 6.

(d) 2 is an x-intercept of the graph of P.

Multiplicity of zeroes Sometimes when we factor a polynomial
there are factors that appear more than once. For example the
polynomial P(z) = (z + 1)%(x — 2)(z — 1)®has the factor (v + 1)
appearing twice. We say that its corresponding zero, @ = —1, has
multiplicity 2. Similarly the zero » = 1 has multiplicity 3. The
shapes of the graphs around zeroes with even or add multiplicity
looks different.

SHAPE OF THE GRAPH NEAR A ZERO OF MULTIPLICITY m

If ¢ is a zero of P of multiplicity m, then the shape of the graph of P near c is as
follows.

Multiplicity of ¢ A Shape of the graph of P near the x-intercept ¢
n
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Practice: Exercise 2
Factor the polynomial and use the factored form to find the real
zeroes and then graph it f(z) = 2® 4+ 52* — 4z — 20.
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Practice Exercise 3

Use the graph of the polynomial function f to answer the follow- (

ing.
p o AT

1. The x-intercepts are: (-2 0) ,(&/") 1@/7#

2. Is the leading coefficient positive or negative?

3. What is the m1n1mum degree of f?
> "}uﬂ\m& (»’Ow 5o MI'} Mfee_ s 4.

4. Write a formula for f(z).5 ( x+5) (X-2) (X"C)
—_— 0

3.3 Division of Polynomials and Factor and Remainder
Theorem

Next, we are interested in how to get the factored form of higher
degree polynomials so that we can get the real zeros fast. We will
review, long division to divide polynomials. Then we will use
that to factor higher degree polynomial and interpret the remain-
der (if any).




‘ﬁ"“‘&e"i‘ divitor
Example 1: Divide the polynomial f(x) = 2> — 32 +4 4by z —2and

use the result to factor the polynomial completely
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If f(z) and d(x) are polynomials such that d(z) # 0, and the degree of d(x)
is less than or equal to the degree of f(z), then there exist unique polynomials
q(z) and r(x) such that

401= d.(x) gf"‘)
where 7(z) =0 or the degree of r(x) is less than the degree of d(z). If the
remainder r(x) is zero, then d(x) divides evenly into f(z).

The division algorithm can also be written as



Example 2: Divide f(x) = (2! — 52% + 4) by (22 — 1)

E e
xample 3: Divide f(z) = —2 + 3z — 52* + 42° + 2z* by 2 + 2z — 3
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Next  Wetta  HU

1. Divide the polynomial f(z) = (z° — 92* + 26x — 24) by
d(x) = (x —2).

Group Practice:

(a) Does x — 2 divide evenly in f(x)?
(b) Calculate the value of f(2).

2. Divide f(z) = (z* — 52° + 22> + 8z — 6) by d(x) = (v — 3)

(@) Does x — 3 divide evenly in f(x)?
(b) Calculate the value of f(3).
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The Remainder and Factor Theorem

Remainder Theorem:
If a polynomial f(x) is divided by = — a, then the remainder is equal

to f(a).

Factor Theorem:
A polynomial f(z) has a factor (x — a) if and only if f(a) = 0.

What if we are not given any roots or zeros of the polynomial but
we are still asked to factor it. For example, in Example 1 we were
told to divide f(z) = 2° — 32* + 4 by x — 2 and in doing that we
were able to completely factor out f(z). Next, we are interested in
how to find potential zeros. This is the result of The Rational zero
Test.
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If the polynomial
f(z) = a2+ ap_12" 1+ -+ a0z +arr + ag
has integer coefficients, then every rational zero of f has the form

Rational zero = g

where p and ¢ have no common factors other than 1, p is a factor
of the constant term ¢, and
q is a factor of the leading coefficient a,, .

Possible rational zeros =

Example 4: Find the rational zeros of

1. f(z) =2 — 32> + 4.

2. h(z) = 22° + 32? — 8z + 3
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3. glz) =2° -2

2.5 The Fundamental Theorem of Algebra

A nth degree polynomial can have at most n real roots.
In the complex number system , every nth degree polynomial has
exactly n zeros.

Types of Zeros of a polynomial function f

e Real

e Complex
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Fundamental Theorem of Algebra

Every polynomial function with degree n > 1 can be factored into n
linear factors of the following form:

flx)=alx —ry) - (x—r9) - (x—73) cc - (x — 1)

where 71, 79,73, ..., 7, are complex numbers and a # 0.

Example 5: Completely factor the polynomial over the complex
numbers.

fla) = (z = 1)(2® + 4)(2* = 3)

Example 6: List all possible rational zeros. Find all zeros and
completely factor f over the complex numbers.
f(z) =2z + 2% + 172 + 92 — 9
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