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1 Quadratic Functions and Applications

1.1 Definition and Forms of Quadratic Functions
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Definition: Quadratic Function

A quadratic function is a function of the form:
f(z) = afD+ b + ¢

where a, b, and ¢ are real numbers, and a # 0

The graph of a quadratic function is called a@r’ab_o@
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Definition: Forms of Quadratic Functions

General Form:

f(z)=az® +bz+c

Vertex Form: :\ﬁa

i
SYECT fa)=ale - 1)’ +

WhereL(h, k) l]S the vertex of the parabola.
‘ —

A quadratic function can be written in two main forms:
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Definition: Properties of Quadratic Functions

For a quadratic function f(x) = a(x — h)* + kin vertex form:

1. Opens upward if a > 0, opens downward if a < 0.
2. The vertex is at the point (h, k). MM
. ini lue of k if .

3. The graph has a minimum value of k i _a//z__ﬂ, \ l o
4. The graph has a maximum value of £ if a_< 0. - ‘\‘
5. The axis of symmetry is the vertical line x = h. ‘x =
6. The domain is all real numbers (i.e., (—o0, 00)).
7. The range is |k, 0c0) if a > 0, or'(—o0, k| if a < 0.
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Example 1: Analyzing a Quadratic Function in Vertex Form

Analyze the quadratic function f(z) = —2(z — 1)* 4+ 8 by finding;:
a) Whether the parabola opens upward or downward

b) The vertex

c) The axis of symmetry

d) The maximum or minimum value

e) The y-intercept

f) The x-intercepts

g) The domain and range )=
h) A sketch of the graph %_LK 3
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Example 2: Converting from General Form to Vertex Form

For the quadratic function_f(z) = 3z 4+ 122 + 5:
a) Convert to vertex form by completing the square
b) Identify the vertex
c) Determine whether the parabola opens upward or downward
d) Find the axis of symmetry X=In ‘:-S o~ >2O
e) Find the maximum or minimum Value e = = -F
f) Find the y-intercept ;(!LD) =3
g ))Find the x-intercepts (if any)

Determine the domain and range (\i \<>‘> | [} 7-| 00)
i) Sketch the graph
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Definition: Vertex Formula

For a quadratic function f(z) = az* + bx + ¢, the z-coordinate of the
vertex is: J
x

The y-coordinate can be found by evaluating or by using:
\
M >_ B

Therefore, the vertex is at (—%, c— %) :

Example 3: Using the Vertex Formula

Find the vertex of the quadratic function f(x) = —2:6 + 12x 13
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Example 4: Converting to Vertex Form Using the Vertex Formula

Convert the quadratic function f(x) = 4x° — 16z + 2) to vertex form
using the vertex formula. A, N _S
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K= ~o+ \ L&=uac

1.2 The Discriminant and Number of Solutions 20

Definition: The Discriminant

For a quadratic equat1on az® +bx + ¢ =0, the ﬁrlmmant is defined
as: c QP*- J—

AJI;O\ Z/L b* — dac

The discriminant determines the number of real solutions to the equa-

tion: equk
N

e If A > 0, then the equation has “‘wo dl Sh"d rensd 3 ‘
e If A =0, then the equation has O\ resf r M‘oh

ba.s
e If A <0, then the equation has e el Wan ng:;(ﬂ?\ Sﬁ‘“*'r‘)

Note: Graphical Interpretation of the Discriminant

Graphically, for a parabola y = ax® + bz + c:

one point).
. If the parabola doesn’t intersec\t fhe x-axis (it lies entirely
aboveor below the x-axis). I

Example 5: Using the Discriminant

For each of the following quadratic equations, calculate the discrimi-
nant and determine the number of real solutions:

= -::)o
a)22° 3 +1=0 Q) A=b-usc = (-3 —HCZ)\O =1

b) 4z? + 122 +9 =0 ol .
¢) 3z —2x+5=0 \0\5 - 4(u)9 = "“1 ”g:uo -
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1.3 Applications of Quadratic Functions

Example 6: Projectile Motion

A ball is thrown upward from a height of 6 feet with an initial velocity
of 64 feet per second. The height h(t) of the ball (in feet) after ¢ seconds
is given by: -

h(t) = —16t> + 64t + 6 7

(@) Find the maximum height reached by the ball.

b) At what time does the ball reach its maximum height?
c)When does the ball hit the ground?

d)Sketch the graph of the height function.
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Example 7: Maximizing Area

A parking lot is to be constructed next to a road with 340 feet of fenc-
ing available for the remaining three sides. What are the dimensions

of the parking lot that would yield the maximum area?
‘\
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2 Summary of Key Concepts

Key Concepts Summary

1. A quadratic function has the form f(z) = a2 +bx+c where a # 0.

2. The vertex form of a quadratic function is f(z) = a(x — h)* + k
where (h, k) is the vertex.

3. A parabola opens upward if ¢ > 0 and opens downward if a < 0.

4. The axis of symmetry is the vertical line passing through the ver-

tex:x:horx:—%
a

5. If a > 0, the function has a minimum value at the vertex. If a < 0,
it has a maximum value.

6. The vertex formula: For f(z) = az’ + bz + ¢, the vertex is at
b b2
(2o =),

7. The discriminant A = b? — 4ac determines the number of real
solutions:

e A > (: Two distinct real solutions
* A = (: One real solution (repeated root)

e A\ < 0: No real solutions

8. Completing the square is a method to convert a quadratic func-
tion from general form to vertex form.

9. Applications of quadratic functions include:

* Projectile motion

* Maximizing area or revenue

* Minimizing cost or time
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