MTH 146 Practice Exam: Techniques of Integration Fall 2026

Name: Total: 115 points

Show all work. Remember the constant of integration and use absolute values where appropriate.

1. (12 points) For each integral, state the technique you would use to start the problem. Do not
evaluate the integral.

(a) / wn(w) dw

Answer: Integration by parts with v = lnw, dv = w dw.

(b) / 8sin’(x) cos®(z) dx

2 2

Answer: Trig integral: odd power of cosine; save one cos x, write cos®x = 1 —sin” z,

let ©w = sin .

(c) /\/jﬁdx

Answer: Trig substitution x = 7sin 6.

3
(d) / (x —1)(z+2) dr

Answer: Partial fraction decomposition.

Answer: Ordinary u-substitution, u = 22 — 5 (no trig sub needed).

462x
f d
()/62x+146x+45 *
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Answer: Substitution u = e* (so dr = du/u) to get a rational function, then partial
fractions.
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2. (9 points) Write out the form of the partial fraction decomposition of each integrand. Do not
solve for the coefficients and do not evaluate the integral.

x® + 64

(a) (3 polnts) / @~ o)t 1 162 1 64)

A n B +C:1:+D Ex+ F
nswer: —
x x—1 2248  (22+438)?

2
) x
(b) (3 pOlntS) /Mdiﬁ
A B
Answer: Long division first: 1 + +
r—4 x+5

. 26
(c) (3 points) / @ = 1)(a2 5 25) dz
A Bx+C

Answer:

m—1+x2+25
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3. (8 points) Evaluate the integral.

/(9:2 + 7x) cos(z) dx

Answer: Integrate by parts with u = 22+ 7z, dv = cosz dx, so du = (2x+7) dx, v = sin x:
/(332 + 7x) coszdr = (x? + Tx)sinz — /(23: + 7)sinz dx.
Integrate by parts again with v = 22 + 7, dv = sinx dx, so du = 2dz, v = —cosx:
/(23: +7)sinzdr = —(2x + 7) cosx + /2cosxd:c = —(22 4+ 7)cosz + 2sinx.
Therefore

/(J;2 + 7x) cosx dx = (2 + Tx)sinx + (22 + 7) cosx — 2sinz + C.

4. (10 points) Evaluate the integral.

/689 sin(90) do

Answer: Let I = [e%sin(90)df. Integrate by parts with u = sin(96), dv = €% df, so
du = 9 cos(90) db, v = e

I= éegg sin(90) — 2/680 cos(90) db.

Integrate by parts again with u = cos(96), dv = €% df), so du = —9sin(96) df, v = %689:

/689 cos(960) do = éegg cos(99) + 21.

Substituting back,

I= éege sin(960) — %686 cos(90) — 1 = LI = 6—14689 (8sin(90) — 9 cos(99)).

Therefore 1
/680 sin(96) do = mege (8sin(96) — 9cos(96)) + C.
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5. (7 points) Evaluate the integral.

/2
/ sin® (y) cos™ (y) dy
0

Answer: The power of sine is odd, so save one siny and use sin?y = 1 — cos? y:

m/2 /2
/ sin® y costy dy = / (1 — cos?y) cost y siny dy.
0 0

Let u = cosy, du = —sinydy. When y =0, u = 1; when y = 7/2, u = 0:

0 1 5 711
4 6 4 6 u u 1 1 2
= — — d = — d = _—— — = - — — = —,
/1(u u’) du /O(u u’) du [5 7}0 P T 3

6. (7 points) Evaluate the integral.

/tan3 (z) sec®(z) dx

2

Answer: The power of secant is even, so save sec? x and write sec? z = (1 + tan® z)?:

/tan3 zsecd x dr = /tan3 z (14 tan® z)% sec? z dz.

Let v = tanz, du = sec® x du:

7 ut  u® Wl
:/u3(1+2u2+u4)du:/(u3+2u5+u Jdu=—+5+o+C.
Therefore

1 1 1
/tan3xsecﬁxda}: gtan8x+§tan6x+1tan4:c+0.
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7. (6 points) For each integral, state the trigonometric substitution you would use to get started.
Do not evaluate the integrals.

(a) (2 points)

/m

Answer: r =4tanf

(b) (2 points) /de

X

5

Answer: ¢ = 3 sec 6

(c) (2 points) /3324_9dx

X

Answer: © = 3secl

8. (10 points) Choose one of the three integrals from Question 7 and evaluate it completely.
Include a labeled right triangle and write your final answer in terms of x.

I am solving part:

Answer: (a) Let 2 = 4tanf, dz = 4sec?0df, V16 + 22 = 4secf. Triangle: opposite z,
adjacent 4, hypotenuse v/ + 16, so sec = @.

/ 64 tan3 6 - 4sec? 0

_ 29
Tsocd d9—64/(sec 6 — 1) secftan6do

25
[ yda=
V16 + 22
3
=64 (se(; 0 —se09> +C (w = sec?)

1
3(33 +16)%/2 —16V/22 + 16 + C.

(b) Let x = %sec 0, dr = gseCQtaHOdH, V4z?2 — 25 = \/25sec2 § — 25 = 5tan§. Triangle:
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/\/4:132—25 dx_/5tan9
x

§se09

adjacent 3, opposite V2% — 9, so sin § = YE=9,

T

Va2 -9 3tanf - 3secHtand 1 [ tan26

81sectd sec3 0
1
:ﬁsiny’ﬁ—i—C (w = sin6)
2 0\3/2
— & + C.

2713

hypotenuse 2x, adjacent 5, opposite V42 — 25, so tanf = 7”‘96;_25 and 6 = sec_l(%x).
= -gsecﬁtanﬁdﬁ:5/tan20d9:5/(se020—1)d9

=5tanf — 50 + C = \/4x2 —25—5secl<2§> + C.

(c) Let x = 3sech, dz = 3secftanfdf, V2?2 —9 = 3tanf. Triangle: hypotenuse =z,

1
dh = /sin20c059d9

9
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2
/$3+x2d$

9. (9 points) Evaluate the integral.

Answer: Factor the denominator: z3 4 22 = 2?(x 4 1). Decompose

2 A B C
ST T o T3 = 2=A 1)+ B 1) + Cz?.
2l $+x2+x+1 z(x+1)+Bx+1)+Cx

xr=0:B=2 x=-1: C=2. Coefficient of z?: A+C =0, so A= —2. Then

2 2 2 2 2
/dfv:/ ——4+ =+ ——)dex=—2n|z| — =+ 2Injz+ 1|+ C.
3+ 22 z z2 x+1 T

10. (8 points) Make a substitution to express the integrand as a rational function, and then eval-
uate the integral.

/4 dx
9 v —1

Answer: Let u =z — 1,50 £ = v>+ 1 and dz = 2udu. When z = 2, u = 1; when z = 4,
u:\/g:

4 V3 V34 V3
/dx:/ 2“du:2/ u zz[tanflu} :2(5—3):3
9 ovr—1 1 W+ 1u 1 w241 1 3 4 6
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11. (4 points) Determine whether the integral is convergent or divergent. If it is convergent, eval-

uate it.
o
/ 4270 dx
1

Answer:

o0 t t 1
/ 427 % dr = lim 4% dz = lim {—5674] = lim <1 — 4) =1.
1 1 t—=oo t

t—o00 1 t—o00

The integral is convergent and equals 1.

12. (10 points) Determine whether the integral is convergent or divergent. If it is convergent,

evaluate it. Use proper limit notation.
* In(x)
dx
/%

Answer: First find the antiderivative by parts with v = Inz, dv = =2 dx, so du = %dm,
v = —%:
1 1 1 1 1
Mdm:_m+/dx:_m:_+a
x2 x x2 T x
Then .
] 1 1 Int 1
/ H—Qxdzvzlim _nr =z :hm(l_n_>.
1 x t—00 x T], t—ooo t t
At . Int . ]-/t 1 . .
By L’Hopital’s rule, lim — = lim — =0, and 3 — 0. The integral is convergent and
t—o0 t—oo 1
equals 1.




