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1. Divide the polynomial f(z) = (z° — 92* + 26x — 24) by
d(x) = (x —2).

Group Practice:

(a) Does z — 2 divide evenly in f(x)?
(b) Calculate the Value of f(2).
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2. Divide f(z) = (z* — 52° + 22> + 8z — 6) by d(x) = (v — 3)

(@) Does x — 3 divide evenly in f(x)?
(b) Calculate the value of f(3).
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The Remainder and Factor Theorem

Remainder Theorem:
If a polynomial f(x) is divided by = — a, then the remainder is equal

to f(a). A
£ £ (x=2) her & remender &f £(2).

Factor Theorem:
A polynomial f(z) has a factor (x — a) if and only if f(a

(AL paln-2 = (o2 o FAFIL)
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What if we are not given any roots or zeros of the polynomial but

we are still asked to factor it. For example, in Example 1 we were

told to divide f(z) = 2° — 32* + 4 by z — 2 and in doing that we

were able to completely factor out f(z). Next, we are interested in

how to find potential zeros. This is the result of The Rational zero
Test.
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has integer coefficients, then every rational zero of f has the form

Rational zero = %’

where p and ¢ have no common factors other than 1, p is a factor
of the constant term ag, and
q is a factor of the leading coefficient a,, .
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2.5 The Fundamental Theorem of Algebra

A nth degree polynomial can have at most n real roots.
In the complex number system , every nth degree polynomial has
exactly n zeros.

Types of Zeros of a polynomial function f
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Fundamental Theorem of Algebra
Every polynomial function with degree n > 1 can be factored into n
linear factors of the following form:

flx)=alx —ry) - (x—r9) - (x—73) cc - (x — 1)

where 71, 79,73, ..., 7, are complex numbers and a # 0.

Example 5: Completely factor the polynomial over the complex
numbers.

flx) = (56\;1)(51C +4)(z* - 3)
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Example 6: List all possible rational zeros. Find all zeros and ¥=32L
completely factor f over the complex numbers.
flz) =22+ 23 + 172 + 92 — 9
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3.5 Rational Functions

In this section we will review rational functions and concentrate
on how to graph them by hand.

P(z)
Q(z)
P(z) and Q(x) are polynomials. Even though rational fractions
are constructed from polynomials, their graphs look quite differ-
ent from the graphs of polynomial functions.

where

A rational function is a function of the form f(x) =

Examples of rational functions:
For each function, decide if it is a rational function and then if it is
find its domain, x-intercepts and y-intercept.
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The domain of a rational function consists of all real numbers x
except those for which the denominator is zero. When graphing
a rational function, we must pay special attention to the behavior
of the graph near those x-values.

2. A simple rational Function f(z) = é r@C(Pf OCOL

Graph the rational function f(x) = . and state its domain and
range. @
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Begin by factoring the numerator and the denominator. If both
the denominator and the numerator have a common factor that
reduces, then we say that the rational function has a hole at the

corresponding z of that factor. _
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Vertical ﬁymptotes A rational function has vertical asymptotes
where the denominator is zero (after any cancellation of common

factors from the denominator and numerator)
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Horizontal asymptotes fH’A—
Case 1: If the degree of the numerator is less than the degree of
the denominator, the the horizontal asymptote is y = 0. X &
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Case 2: If the degree of the numerator equals the degree of the
denominator, then the horizontal asymptote is y = the ratio of the

leading coefficients
ha. A ot
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Case 3: Lastly, if the degree of the numerator ishigherithan the
degree of the denominator, then the rational function has no hor-

izontal asymptotes.
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